Abstract. Suppose X is a (smooth projective irreducible algebraic) curve over a finite field k. Counting the number of points on X over all finite field extensions of k will not determine the curve uniquely. Actually, a famous theorem of Tate implies that two such curves over k have the same zeta function (i.e., the same number of points over all extensions of k) if and only if their corresponding Jacobians are isogenous. We remedy this situation by showing that if, instead of just the zeta function, all Dirichlet L-series of the two curves are equal via an isomorphism of their Dirichlet character groups, then the curves are isomorphic up to "Frobenius twists", i.e., up to automorphisms of the ground field. Since L-series count points on a curve in a "weighted" way, we see that weighted point counting determines a curve. In a sense, the result solves the analogue of the isospectrality problem for curves over finite fields (also know as the "arithmetic equivalence problem"): it says that a curve is determined by "spectral" data, namely, eigenvalues of the Frobenius operator of k acting on the cohomology groups of all ℓ-adic sheaves corresponding to Dirichlet characters. The method of proof is to shown that this is equivalent to the respective class field theories of the curves being isomorphic as dynamical systems, in a sense that we make precise.
Introduction
Let X denote a smooth projective curve over a finite field k = F q of characteristic p. Its zeta function encodes precisely the sequence of integers given by the number of points of X over finite extensions F q n of k. As observed by Turner [17] , a celebrated theorem of Tate ([16] , Thm. 1) implies that an equality of the zeta functions of two curves over k (so, equality of their number of points over all extensions of k) is equivalent to the curves having isogenous Jacobians over the field k. Since there are plenty of non-isomorphic curves with isogenous Jacobians, this shows that the k-isomorphism type of a curve over a finite field k is not determined solely by point counting over field extensions. For a very explicit example, consider the curves of genus two given by
It is know that these curves are not (even geometrically) isomorphic, but have the same zeta function, and furthermore their Jacobian is absolutely simple [11] .
The aim of the current paper is to show that if this counting is extended from using only the zeta function to abelian L-series, then this does determine the curve uniquely, as follows: 
for all characters χ ∈ G ab∨ k(X) . Then X is isomorphic to a Frobenius twist Y σ of Y over k, where σ is an automorphism of the ground field k.
For the conclusion to hold, it suffices that the L-series of geometric characters match (i.e., characters that factor through a finite geometric extension of the function field).
We have the following "explicit" counting form of the L-series as a function of T = q where µ is the Möbius function, µ ∞ is the set of complex roots of unity, and N (X, m, ζ, χ) is the number of points x ∈ X(F q m ) such that any corresponding place [x] of F q (X) is unramified for χ, and χ(Frob [x] ) = ζ. Thus, some kind of weighted point counting will determine the curve up to isomorphism, modulo so-called Frobenius twists Y σ of Y , that are induced by an automorphism σ ∈ Aut(k) of the ground field k. Note that if the ground field k is F p for a prime p, then there are no such non-trivial twists. In the above example over F 3 , we now know that point counting weighted by characters does determine the isomorphism type of the curve. If k = F p d for d > 1 however, then there exist curves that are not isomorphic to their twists, not even over the separable closure k (for example, an elliptic curve E/k whose j-invariant j(E) is not invariant under σ ∈ Aut(k) will have E σ not isomorphic to E over k). The presence of Frobenius twists is natural, since the objects we consider depend only on the function fields as fields (not as extensions of the ground field), whereas morphisms between curves correspond to function field isomorphisms that fix the ground field. The above theorem is a mere corollary of the main result. The application arises from associating to a curve over a finite field a certain noncommutative dynamical system, that derives from its abelian class field theory. More precisely, consider the topological space
(where O X is the ring of integral adeles of X),which is the quotient of the space
is the Artin reciprocity map, with A * X the ideles of X. On this space, we have an action of the semigroup I X generated by the places of k(X), given by n ∈ I X acting as
where s is any section of the natural map A
The intuition behind the introduction of this space is the following: one would like to let ideals act by multiplication with their associate Frobenius elements in the Galois group, but those are only defined "up to inertia", and this is compensated for by the equivalence relation.
An isomorphism (a.k.a. topological conjugacy) of such systems is a pair (Φ, ϕ) consisting of a homeomorphism Φ : S X ∼ → S Y and a semigroup isomorphism ϕ : I X → I Y such that Φ(n * x) = ϕ(n) * Φ(x) for all x ∈ S X and n ∈ I X . We say (Φ, ϕ) is degree-preserving if deg(ϕ(n)) = deg(n) for all n ∈ I X .
The main result is then In [7] , one finds the analogue of these theorems for number fields. The way to deduce Theorem 1 from Theorem 2 is identical to that in [7] , and will be sketched in the next section; the part about restricting to geometric characters will be proven in the final section. As will be explained in the middle two sections of the paper, the proof of Theorem 2 in the case of function fields will be somewhat different from that in number fields, and rely on Theorem 5 below-which might be of independent interest-that we deduce from the proof of Uchida's anabelian theorem for global function fields in [18] .
The dynamical system (S X , I X ) can in its turn be encoded in a non-involutive Banach algebra A X , and (as in the work of Davidson and Katsoulis [8]) isomorphism of these algebras will imply so-called piecewise conjugacy of the associated dynamical systems. One may then show, as in [7] , Section 6, that degree preservation for this system (and ergodicity w.r.t. the natural measure induced from Haar measure, as established in [13]) implies full topological conjugacy. Hence the main theorem could be rephrased in operator theoretical language as follows: a degree-preserving isomorphism of A X ∼ → A Y implies an isomorphism of the curves X and Y up to Frobenius twists. Degree-preservation may further be coded into preservation of a one-parameter subgroup of automorphisms of the algebra, leading to a description in terms of quantum statistical mechanical systems. In this paper, we will not consider this "physical" viewpoint any further, but it was the original source for the discovery of Theorem 2.
We do remark that our dynamical system is a function field cousin of the system that Ha and Paugam ( [10] ) introduced for number fields, as a generalization of the famous Bost-Connes dynamical system [3] , that was the first source to describe abelian class field theory for the field of rational numbers by a dynamical system. Our system was recently also considered by Neshveyev and Rustad [14] . Other dynamical systems of a similar flavor have been associated to global function fields, in the work of Jacob ( [12] ) and Consani and Marcolli ( [4] ), using Hayes' explicit class field theory for function fields from the theory of Drinfeld modules, but these systems seem to serve other purposes than the one of the current paper.
The analogue of Theorem 1 for number fields has been proven without reference to dynamical systems and strengthened to an effective statement by Bart de Smit (unpublished), using ideas from the theory of arithmetic equivalence. The effective statement is that every number field admits a character of order 3, whose L-series does not occur as L-series for any other character on any other number field. The method of proof of this result does not generalize readily to global function fields (compare with the discussion in [6] on arithmetic equivalence in function fields), so it is an interesting question to investigate whether or not Theorem 1 can similarly be made effective. It seems that the method of proof in characteristic zero (based on representation theory) breaks down in positive characteristic. Furthermore, as rational functions of q −s , function field L-series seem to carry less information than their number field cousins (compare with the discussion in Gross [9]).
Nevertheless, one may wonder whether or not a "smaller" invariant constructed from abelian class field theory determines a curve. In the example of the curves X ± above, we used the explicit class field theory implemented in Magma [2] to find the following. Both curves have exactly four places of degree two. Consider a divisor of the form D = 2P + Q + R with P, Q, R three such different places of degree two, and let S denote the remaining place. There are 12 different choices for such D. Amongst the abelian covers of degree 3 corresponding to the ray class group of D and in which S is totally split, we find the following distinction between the two curves: for every choice of S on X − , there is such a cover with no k-rational points, whereas for exactly two choices of S on X + , all such covers have k-rational points (so in particular, the list of zeta functions of these covers distinguishes the original curves).
A related interesting question is whether an equality between the set of zeta functions of all abelian covers of a curve (i.e., the isogeny classes of Jacobians of all abelian covers) determines an isomorphism of curves, up to Frobenius twist. This looks like a more geometrical question.
The first theorem provides a new look at the problem of arithmetic equivalence, which is an analog of the isospectrality problem for Riemannian manifolds, cf.
[5] for more on a Riemannian analog of Theorem 1. The theorem can be reformulated as saying that the "spectral invariants" given by the characteristic polynomials of the k-Frobenius acting on the cohomology of the ℓ-adic sheaf corresponding to the character χ determine the curve up to Frobenius twists.
The second theorem complements the program of anabelian geometry and/or Torelli theorems, trying to characterize geometrical objects by topological and/or group theoretical constructs. We see that a noncommutative topological dynamical system built from the abelian class field theory reconstructs the field up to isomorphism (viz., the curve up to Frobenius twists). A recent result by Bogomolov, Korotiaev and Tschinkel [1] and Zilber [19] that is also of an "abelian anabelian" nature, might be related: a curve of genus ≥ 2 over a finite field is determined up to geometric isomorphism and Frobenius twists by the data of its Jacobian as a group, the degree-one cycles as homogeneous space for this group, with its natural embedding of the curve. I do not know of an exact formal relation between their result and the results of this paper.
From Theorem 2 to Theorem 1 Theorem 3. If X and Y satisfy conditions of Theorem 1, then there is a degree-preserving isomorphism ϕ
, and the induced map
Proof. Represent the L-series as a sum over effective divisors and use literally the same proof as for the number field case in 
where we write ρ = ρ ′ · m ρ for some unit idele ρ ′ ∈ O * X and place m ρ ∈ I X , and ρ ∈ O * Y is defined by ψ(rec X (ρ ′ )) = rec Y ( ρ). We have used the previous theorem, that implies that ψ maps the "ramification group" O * X to the corresponding O * Y . This definition is compatible with the action of places as follows: for n ∈ I X ,
Here, we have used the previous theorem in replacing ψ(rec X (n)) by rec Y (ϕ(n)). It is easy to see that Φ extends to a homeomorphism on all of S X that remains compatible with the actions. We now continue with the proof of Theorem 2. 
that is valuation preserving, i.e., such that
with the property that the following diagram commutes: Since K * is the kernel of the reciprocity map, from the assumptions we find a multiplicative map of fields
which we extend by 0 K → 0 L . We will show that the resulting map is additive. For that, we first observe that condition (c) implies that Φ v induces a multiplicative isomorphism of residue fields (since it preserves valuations). The claim is that this reduced map is also additive (analogue of Lemma 10 in [18]). Since a multiplicative map that is additive modulo all places is additive itself, this proves that K and L are isomorphic as fields. We now turn to proving additivity modulo all places. We first quote Lemma 8 from [18], which shows that the given assumptions imply that the constructed map K * → L * has the property that it maps the constant field of K to the constant field of L, and that this restriction to constant fields is a field isomorphism (i.e., also additive).
The method is now to prove compatibility of all constructions with field extensions, and then to embed residue fields as constant fields in large enough extensions of the original fields.
So suppose that K is an abelian extension of K, corresponding to a subgroup
and let L denote the abelian extension of L corresponding to Φ(H). Here, we prove the analogue of Lemma 9 in [18], namely, that the above constructed isomorphism
in which the composed horizontal arrows are injective. From a similar diagram for the field L, and the fact that Φ • V H = V Φ(H) , we then find an induced isomorphism
and hence an isomorphism
which is compatible with the reciprocity maps. Hence we find an isomorphism K * ∼ → L * which restricts to the constructed isomorphism K * ∼ → L * . Now for any fixed place, there exists a finite extension K of K such that the residue field of K v is contained in the constant field of K. The above theory implies that the bijection of residue class fields K v → L ϕ(v) is the restriction of an isomorphism (of fields) between the constant fields of K and L. This finishes the proof of additivity for residue fields.
Finally, since the map Φ induces an isomorphism σ of ground fields, we can twist one of the fields back by this Frobenius twist, to get a morphisms of function fields K ∼ = L σ fixing the ground field k, which then corresponds to an isomorphism of smooth curves.
Proof of Theorem 2
We write K = k(X) and L = k(Y ), and we assume to have a degree-preserving isomorphism of dynamical systems (S X and an homeomorphism Φ : S X ∼ → S Y , which is equivariant with respect to the above map, i.e.,
The first claim is: [7] , 7.3, but some differences arise from the geometric situation. The rough idea is as follows: a priori Φ is only a homeomorphism (between Cantor sets). However, using the equivariance of the isomorphism w.r.t. the action of ideals will allow us to prove that Φ is almost multiplicative "on Frobenius elements for primes p", which are dense in the p-unramified part of the geometric Galois group G ab kK ; one then extends to the entire Galois group. "Almost multiplicative" means that ΦΦ(1) −1 is multiplicative on the geometric part, so making the resulting map genuinely multiplicative will involve changing it slightly.
Lemma 6. If there is a degree-preserving isomorphism
(Φ, ϕ) of dynamical systems (S X , I X ) ∼ → (S Y , I Y ),
then there is such an isomorphism for which the homeomorphism Φ induces a group isomorphism
Φ : G ab K ∼ → G ab L .
Proof. The proof is inspired by the one in
We take an integral ideal m ∈ I X , and define 1 m to be the integral adele which is 1 at the prime divisors of m and zero elsewhere. Consider the subspace
is an isomorphism, and by class field theory, the right hand side is isomorphic to the Galois group of the maximal abelian extension of K that is unramified outside prime divisors of m. Consider its subgroup G X,m , the Galois group of the maximal geometric abelian extension of K unramified outside prime divisors of m. It corresponds to the subgroup
. Now G X,m has a dense subgroup generated by rec X (n) for n running through the ideals n that are coprime to m. Via the above map, this means that H X,m is generated (as a group) by γ n := [(rec X (n) −1 , 1 m )] for n running through the ideals coprime to m. Write 
, and hence we can write γ n = n * ½ m . In this way, we have written the generators in terms of the action. Now for two ideals n 1 and n 2 coprime to m:
By density, we find that for all
We compute the image of H X,m under Φ. Since
n * S X , the compatibility of actions implies that
Choosing n coprime to m, ϕ(n) is coprime to ϕ(m), and this inclusion shows that y m is zero on the support of ϕ(n).
Finally, we take direct limits under inclusion of ideals m. Since ½ m → 1, we have H X,m → G However, if Φ(1) = [(γ 0 , ρ 0 )] would be a zero divisor, some component ρ 0,q would have to be zero, hence Φ(1) ∈ q * S Y . Thus,
L that restricts to a group isomorphism of geometric abelian Galois groups
There is a split exact sequence of topological groups
by which we can fix an isomorphism
) and γ 2 ∈ s K (G k ). We replace the original homeomorphism Φ by the map Φ ∼ : S X ∼ → S Y defined as
which changes nothing in the hypothesis; one may check by direct computation that Φ still intertwines the two actions of I X and I Y via the semigroup isomorphism ϕ. Hence we now assume without loss of generality that Φ restricts to a group isomorphism G Proof. We have a (non-canonically) split exact sequence
where π v is a uniformizer of v and O * v is the group of local integral units. By local class field theory, the latter is canonically identified with the inertia group of v in K ab . We have seen in the previous proof that Φ respects ramification (and respects by construction constant field extensions), mapping G X,m to G Y,ϕ(m) (the Galois groups of the maximal extensions unramified outside m, respectively ϕ(m)). Basic Galois theory (as in Prop. 8.1 in [7] ) then shows that it also maps the group of the maximal abelian extension of K unramified outside m to that of L ramified outside ϕ(m), i.e., the inertia group of v in K ab is mapped to that of of ϕ(v) in L ab . If we combine this with the map π v → π ϕ(v) , we find the desired map Φ v : K * v → L * ϕ(v) which automatically respects the order functions. The map Φ v is also compatible with (local) reciprocity by construction, and the decomposition of the global reciprocity map as product of the local ones shows the product Φ v is compatible with the global reciprocity map, too.
Theorem 2 now follows by taking Lemma 7 and Lemma 6 as input for Theorem 5.
Geometric version of Theorem 1
We recall some properties of L-series (cf. Chapter 9 in [15]). All L-series of X are rational functions in T = q −s . We have a (non-canonical) splitting of character groups
Denote a decomposition of a given character χ ∈ G ab∨ k(X) according to this isomorphisms as χ = χ g · χ c , with
and χ c ∈ Z. Let F k denote the Frobenius automorphism of the ground field k. If p is a prime, then Frob p acts like F deg p k in a constant field extension ([15], 9.19), which proves the identity of Euler factors
Hence by expanding in an Euler product, we find
For the trivial character, this is the zeta function of X, which, when multiplied with (1−T )(1−qT ) is a polynomial of degree 2g. For a character corresponding to a non-trivial constant extension F q d / F q , it is equal to ζ X (χ(F k )T ), which has poles, but not at T = 1. If the character χ does not correspond to a constant extension of X, it is actually a polynomial in T of degree 2g −2+deg(f χ ), where g is the genus of X and f χ is the conductor of χ ([15], 9.24A). Proof. To prove that (a) implies (b), it suffices to show that a geometric character is mapped to a geometric character, which (by the splitting) is equivalent to showing that a character corresponding to a constant extension is mapped to a similar character. For χ a character corresponding to a constant extension F q d / F q , L k(X) (χ, T ) = ζ K (T χ(F k )) has a pole at T equal to a primitive d-th root of unity χ d (F k ) −1 . If it also equals an L-series L k(Y ) (χ ′ , T ) for some character χ ′ , then χ ′ is forcedly the character of a constant extension (since there are poles) of degree d (since there is a pole at a primitive d-th root of unity). This proves one direction. In the other direction, we use the splitting to extend the isomorphism ψ : G 
(where the middle equality arises from the assumption of matching of geometric L-series), as desired.
